Abstract-We propose a method to obtain nano-scale 3D superresolution in STED fluorescence microscopy. A double-ring-shaped cylindrical vector vortex beam, with an appropriate vortex angle and a proper truncation parameter of the beam, is used to generate a 3D dark spot as the erase spot. A single-ring-shaped radially polarized beam is used as a pump beam, which can generate a sharper 3D bright spot. The volume of the generated 3D dark spot is small and the uniformity of the light wall surrounding the spot is quite high. Consequently, the 3D super-resolution ability of a STED microscope is improved and nano-scale three-dimensional resolutions are obtained.
INTRODUCTION
Three-dimensional (3D) dark spots surrounded by light (bottle beams) are applied in many areas in optics, such as dark-spot optical traps for atoms [1, 2] or as erase beams for super-resolution fluorescence microscopy [3] [4] [5] [6] [7] . Several methods have been used to produce 3D bottle beams that have an intensity null surrounded by light in all directions. Some of these approaches require optical access from several sides or the use of custom optical polarization plates, holograms, or spatial light modulators. A simple method to create a 3D bottle beam is to use a double-ring-shaped radially polarized beam (R-TEM 11 *) [8] . The R-TEM 11 * beam can also be applied to improve the depth of focus in near-field optical storage [9, 10] . However, a serious drawback of the R-TEM 11 * method is that the maximum light intensity surrounding the dark focal spot is much lower in the diagonal direction in the light meridian plane than along the optical axis (see Figure 3 (a) in Ref. [8] ) and the uniformity in the intensity of the light "wall" surrounding the 3D dark spot is about 0.35. Similar phenomena also exist in interference generation of an optical bottle beam trap by interfering two fundamental Gaussian beams with different waists [2] , and in the circular two-zone π-phase plate method to create a 3D bottle beam wherein the maximum light intensity surrounding the dark focal spot is much lower in the transverse directions than along the optical axis [11, 12] . If such beams are used as the erase beam in super-resolution fluorescence microscopy, the overall erase beam power cannot be increased to induce efficient fluorescence depletion in the diagonal direction without causing photo-damage along the axial direction, and consequently the resolution in the diagonal direction is limited to a relatively small value. In addition, in dark traps for atoms or biological particles, the depth of the trap is determined by the minimal intensity of the light wall, hence high non-uniformity reduces the trap depth for a given laser power. In this study, we used a highly focused double-ring-shaped cylindrical vector vortex beam with an appropriate vortex angle and a proper truncation parameter to generate a 3D dark spot. The volume of the generated 3D dark spot is very small and the light wall surrounding it has high uniformity. A small 3D bright spot is generated using a highly focused single-ring-shaped radially polarized beam. The generated 3D dark and bright spots are used as the erase and pump beams respectively in Stimulated Emission Depletion (STED) fluorescence microscopy, yielding high 3D super-resolution.
ERASE BEAM AND PUMP BEAM
Figure 1(a) shows the instantaneous polarization state of a general double-ring-shaped cylindrical vector vortex beam with vortex angle δ, which can be generated directly inside a laser cavity [13] or outside the laser cavity [14] . We will show that after focusing by a high numerical aperture (NA) objective, this vortex beam can generate a small threedimensional dark spot uniformly surrounded by light, which can be used as the erase spot of a two color far-field three-dimensional superresolution microscope [3] . This vortex beam can be considered to be the coherent superposition of two radially (Figure 1(b) ) and azimuthally ( Figure 1(c) ) polarized beams. When a double-ring-shaped cylindrical vector vortex beam is incident on a high NA lens, the electric fields in the focal region can be obtained according to vector diffraction theory [15] as:
Thus, the intensity of the erase beam can be written as
A single-ring-shaped conventional radially polarized beam, as shown in Figure 1(d) , is used as the pump light beam for exciting fluorescence. The electric fields of the pump beam in the focal region can be expressed as:
The intensity of fluorescence excited by the pump beam can be written as:
In Eqs. (1)- (3), (5) and (6), k e = 2πn/λ e and k p = 2πn/λ p are the wavenumbers of the erase and pump beams, respectively, in the immersion liquid with refractive index n. We have assumed that the wavelength of the fluorescence is the same as that of the pump beam. J n is the nth-order Bessel function of the first kind, (r, ϕ, z) are the cylindrical coordinates centered at the geometric focus, and the optical axis is along the z axis. η e and η p are constants related to the power of the erase and pump lasers, respectively. A p (θ) represents the amplitude distribution at the exit pupil of the objective, which can be expressed as Eq. (8):
where L 1 p is the generalized Laguerre polynomial with p + 1 rings and β = R/w is called the truncation parameter where w is the waist of the Gauss beam and R is the radius of the aperture inserted at the front of the objective. For the double-ring-shaped radially polarized beam, β should be larger than 1 because the outer ring of the beam will be completely blocked by the pupil if β < 1. From the above formula, it is immediately found that the intensity distribution in the focal region is rotationally symmetric with respect to the optical axis, whether for the erase beam focusing or for the pump beam focusing. Figure 2 shows the intensity distribution of the highly focused erase beam in the x-z plane. In the calculations, we assumed that the fluorescent microspheres are immersed in oil with refractive index n = 1.515. The wavelength of the erase laser is 599 nm, which is sufficiently far from the fluorescence band of the microspheres to mainly contribute to the up-conversion process and not to the stimulated emission [16] . The imaging system has a high numerical aperture of NA(= n sin α) = 1.48 to achieve high resolution. The truncation parameter β of the erase beam equals 1.3 to form a 3D dark spot. The vortex angle of the erase beam was chosen to be δ = 45 • so that the light wall surrounding the 3D dark spot has high uniformity. From Figure 2 , it can be seen that the doublering-shaped cylindrical vector vortex with β = 1.3 and δ = 45 • can generate a perfect 3D dark spot, and the lowest intensity of the light wall is in the diagonal direction. The volume of this 3D dark spot is very small and the light wall surrounding it is quite uniform. If the uniformity of the light wall is defined as the ratio of the lowest intensity in the light wall to the highest intensity in the light wall, we find that the uniformity of the light wall in Figure 2 is 0.66 with a double-ring-shaped vortex beam, which is much larger than the value of 0.35 with the R-TEM 11 * beam method [8] or a two-zone phase element method [11, 12] . If the uniformity of the light wall is too small, the overall erase beam power cannot be increased to induce efficient fluorescence depletion in the direction of the lowest intensity in the light wall without causing photo-damage in the direction of the highest intensity in the light wall, limiting the super-resolution in the transverse direction to a relatively small factor. Therefore, the 3D dark spot with a fairly uniform light wall in Figure 2 can improve the resolution of a fluorescence microscope. Figure 3 shows the intensity distribution of fluorescence excited by a highly focused pump beam in the x-z plane without the erase beam. We assume that the microspheres exhibit relatively strong emission at a wavelength close to 532 nm. Therefore, the wavelength of the pump laser is chosen to be 532 nm. The waist and truncation parameter are the same as those of the erase beam. It is clear that a small 3D bright spot is generated with a single-ring-shaped R-TEM 11 * beam. Normalized intensity distribution of fluorescence excited by a highly focused single-ring-shaped radially polarized beam in the x-z plane without an erase beam. Figure 4 shows the schematic plot of a 3D STED fluorescence microscopy. The erase beam is a double-ring-shaped cylindrical vector When the erase beam exists, the fluorescence intensity distribution in fluorescence depletion microscopy can be calculated as:
3D SUPER-RESOLUTION IN STED MICROSCOPY
It is known that in super-resolution STED fluorescence microscopy, the FWHM of the resulting spot depends on the saturation factor γ [17, 18] ,
where I STED is the light-wall intensity of the dark spot and I S the effective saturation intensity, which can be defined as the intensity at which the probability of fluorescence emission is reduced by half. It should be pointed out that if the intensity of the light wall surrounding a 3D dark spot is not uniform, I STED is equal to the lowest intensity in the light wall rather than the highest intensity. Figure 5 shows the normalized fluorescence intensity distribution in the x-z plane when γ = 4. From this figure, the transverse and axial FWHMs of the 3D fluorescent spot are found to be 164 nm (0.31λ) and 158 nm (0.29λ), which are much smaller than the FWHMs of 219 nm (0.61λ/NA) and 485 nm (2λ/NA 2 ) respectively in the conventional microscopy system. It is clear that 3D super-resolution is achieved using the designed fluorescent depletion microscopy system. Further, this microscopy system can theoretically generate an arbitrarily small 3D spot, if only the saturation factor γ is sufficiently large. Figure 6 shows the FWHM of the fluorescence spot size as a function of γ. As γ increases, the 3D spot size rapidly decreases. For example, when γ = 150, the transverse and axial FWHMs of the 3D spot are 59.9 nm (about λ/9) and 12.5 nm (about λ/42) respectively. In addition, it is seen that when γ < 3.335, the transverse FWHM is smaller than the axial FWHM. When γ > 3.335, however, the axial FWHM is smaller than the transverse FWHM, which implies that in general, the axial super-resolving ability of the system is stronger than the transverse super-resolving ability for the designed STED fluorescence microscopy system. Figure 6 . Dependence of the spot size FWHM in the super-resolution fluorescent microscopy system on the saturation factor γ. The solid and dashed curves are the spot sizes in the transverse and axial directions, respectively.
CONCLUSIONS
We propose a method to obtain 3D super-resolution in STED fluorescence microscopy.
In our method, a double-ring-shaped cylindrical vector vortex beam with an appropriate vortex angle and truncation parameter of the beam is used to generate a 3D dark spot as the erase spot. The volume of the 3D dark spot generated is small, and the uniformity of the light wall surrounding it is quite high, reaching 0.66, both of which are very useful for improving the 3D resolution of a STED microscope. A single-ring-shaped radially polarized beam is used as a pump beam, which can generate a sharper 3D bright spot. Theoretically, arbitrary high 3D resolution, for example, spot size is λ/9 in the transverse direction and λ/42 along the optical axis when the saturation factor is equal to 150, can be achieved using the designed fluorescence microscopy system. According to the requirements, the resolution can be arbitrarily changed by simply adjusting the saturation factor.
